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Abstract 

The Hodge filtration of the module of derivations on the orbit space of 
a finite real reflection group acting on an ^-dimensional Euclidean space 
was introduced and studied by K. Saito jJ B. The filtration is equivalent 
data to the flat structure or the Frobenius manifold structure. We will 
show that the Hodge filtration coincides with the filtration by the order 
of contacts to the reflecting hyperplanes. Moreover, a standard basis for 
the Hodge filtration is explicitly given. Mathematics Subject Classification 
(2000): 32S22 



1 Introduction and main results 

Let V be an i'-dimensional Euclidean vector space with inner product /. Let W 
be a finite irreducible orthogonal reflection group (a Coxeter group) acting on 
V. Let A be the Coxeter arrangement: A is the set of reflecting hyperplanes. 
Denote the dual vector space of V by V* . Then V* is equipped with the 
inner product I* which is induced from I, Let S be the symmetric algebra 
of V* over R, which is identified with the algebra of polynomial functions on 
V . The algebra S is naturally graded by S — ®q>oS q where S q is the space 
of homogeneous polynomials of degree q. (Then Si — V* .) Let Ders be the 
S'-module of R-derivations of S. We say that 9 £ Ders is homogeneous of degree 
q if 9 (Si) C S q . Choose for each hyperplane H £ A a linear form an £ V* such 
that H = ker(aff). Let 

(1) D( m \A) = {9 £ Ders I 0{a H ) e Sa™ for any H £ A} 

for each nonnegative integer m. Elements of D^ m ^(^4) are called m-derivations 
which were introduced by G. Ziegler M. Then one has the contact-order 
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filtration of Derg: 

Der 5 = D^(A) D D^(A) D D^(A) D ■■■ . 

In @, we proved that each D( m \A) is a free S-module of rank I. 

The Coxeter group W naturally acts on V, S and Derg. The W- invariant 
subring of S is denoted by R. Then it is classically known |fl, V.5.3, The- 
orem 3] that there exist algebraically independent homogeneous polynomials 
Pi,-" ,Pt £ R with degPi < ••• < degP^, which are called basic invari- 
ants, such that R = R[Pi,--- ,P/\. The primitive derivation D £ Der# is 
characterized by 



DP 



for i = I, 
otherwise. 



Let A be an anti- invariant, in other words, a constant multiple of Q := 
U H eA a H- T nen A 2 G R- Let 

I : Der^ x Der fl -> ip 

be the symmetric P-bilinear form induced from /. Let 

1 

V : Der fl x Der fl — > — Der_R 

(X,Y)^ Vx Y 
be the Levi-Civita connection with respect to /. Define 

T := {/ £ R | Df = 0} = . . . , P^]. 

Then Vd : Der^j — ► ^Der^ is a T-linear covariant derivative. 

In J@L we introduced an S-basis £ x m) , ■ ■ ■ ,^ m) & Der s for D( m )(.4) (Defi- 
nition 2.4) for m > 0. Recall, also from 0, the matrices {k > 1) with 



entries in T whose determinants are nonzero constants (Lemma 2.1). Then 
Theorem 1.1. For k > 1, 

<%> (v D ef' +1) ,. • • , v D d 2fc+1) ) - -(d 2fe-1 \- ■ ..ei 2 * -1 ^^)- 1 ^^, 

(2) (VUr- 1} , . . . , V^ 2 *" 1 ') = (-l)*" 1 ^, • • • , T^)B {k] - 

Define g := {6 £ Der R | [D, 6} = 0} and Q k := {J £ Der fl | V|,<5 £ g } for 
k > 1. Let p > 0. Put := © fc>p The decreasing filtration 

W (0) D U {i) D U (2) D 

of Tv® — Derfl is called the Hodge nitration, which was introduced by K. 
Saito M B to study the primitive integrals. The following theorem asserts that 
the Hodge filtration is equal to the filtration induced from the contact-order 
filtration. 

Theorem 1.2. (1) Q k = ©J =1 T^f k ~ l) (k > 1), 

(2) WW = D^- 1 )^) n Der fl = ©j =1 P^ 2 p ~ 1} (p > 1). 
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2 Proofs 



We will prove Theorems [El] and 1.2 in this section. In what follows we use the 
following notation: 

X\, • • • , Xf. a basis for V* 

di := d/dXi. the partial derivation with respect to Xi (i = 1, . . . ,£) 

A:=(a^) = (I*(X i ,X j )) 

X := (Xi, . . . , Xi) 

P:= {P u ---,P t ) 

mj :=degP, -l (j = 1,2, . . . J) 

h := mi + 1 = deg Pi : the Coxeter number 

J(&) '■— (^x") : the Jacobian matrix for g = (gi, . . . , gt) 

5 [M] := (5(rriij)) for a matrix M = (m^) and any mapping <5 

D J [:= D o D o ■ ■ ■ o D (j times) 

V J D := V_d o V_d o • • • o Vd (j times). 

Let k > 1. Define 

flW := -J(P) T AJ( J D fc [X])J(L> fc - 1 [X])- 1 J(P) 

as m §. Then we have 

Lemma 2.1. (%) iSuer?/ enin/ of lies in T; D[B^] = 0, 
(2) detSW el*, 
fty degSg =m i + m j -h, 
(4) - flC*) = BW + (B«) T 

Proof. [0 Lemma 3.2, Lemma 3.4]. □ 

The Levi-Civita connection with respect to / 



V : IVr.. - D< T/,. > ^Der fl 



is characterized by the following two properties: 

(A) X(I(Y, Z)) = I(VxY, Z) + I{Y, X] X Z) (compatibility), 

(B) \jxY — XJyX = [X,Y] (torsion-freeness) . 
Define the Christoffel symbol {T^ } by 

V 9 =Vr fc d 

AdP, ^ lJ dP k 

J k=l 
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Denote the i?-module of Kahler differentials by fl R . Let 

I* :Cl R xCl R — > R 

be the symmetric i?-bilinear form induced from I*. Let g 13 :— I* (dPi, dPj) and 
G := (<? y ), which is an I x ^-matrix with entries in R. Note 

G = J(P) T AJ(P). 

Define the contravariant Christoffel symbol {T 1 . 3 } by 



If : ^V 1 



3 

sk 

s=l 



as m §, 3.25]. Define two I x ^-matrices 



r% '•=(?%), r fc :=(r* 



Lemma 2.2. Let 1 < k < 

(1) VI = ~GT k , 

dl\ t^] = r fc ^ v 1 - fe 

(3) V% = J(P)T A ^-[J(P)}, 

(4) T^BW. 



(2) Jp-[G] = T* + (r*) T , in particular, D[G] = T* + (T* e ) T , 



Proof. (1): By definition. 

(2) : Apply |, 3.26]. 

(3) : Let Sk = {S k r ) be an i x ^-matrix defined by 

S k := J(PfA^-[J(P)}. 

It is enough to prove the (contravariant) compatibility (A) and the torsion- 
freeness (B) : 

(A) £- k [G\=S k + Sl 

(B) E t g kt s? = E t g lt s?, 

because of the uniqueness of the Levi-Civita connection. We can verify (A) and 
(B) as follows : 
(A): 

±m - 

= ^ [J(P) T ] AJ(P) + -HPfA^- [J(P)] = Si + S h) 
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(B): 

sr„ktaij = dPk ■,*■> dPt dPi pi 9 ( dP i \ 
V t 2 ^ dx r a ox s dx p a dx t \dxj 



t,p,q,r,s 

dP k rs dp, pq ^dP t d ( dPj 



\^ ur * n rs ur i pq \^ 

2^ f)X. r)X„ 2^ 



dX r dX p ^dX s dX t \dX„ 



dX r dX p dX s dX„ ' 

p,q,r,s 1 H 



which is symmetric with respect to i and k. Thus Ylt g kt S 1 ^ = ^ £ g lt S^ 



(4) is easy, e. g., @ (2.17) (2.18)]. □ 

Remark 2.3. If P\, . . . , P% are chosen so that they satisfy the equality 

D[g lJ ] = Sh-m+i, 

it is known (e.g., pp. 275]) that 



By Lemma 2.i (4) and (2), in this case, one has 

ij ~ ~~h 



By Lemma 2.1 (4), 



Definition 2.4. Let m > 0. Define £[ m) , . . . ,^ m) G Der s by: 

I Am) {m)) = U^,...,^)J{V) T AJ{D k [X])-Ufrn = 2k, 

^ ""'^ j ' \(^,...,^)J(P) T ^Jp fc [X])- 1 J(P)i/m = 2A ; + l. 

It is easy to see that 
Proposition 2.5. Proposition 3.9] For k > 1, 

(# fc+1) , ■ • • ,d 2fc+1) ) = -(d 2fc-1) , ■ ■ ..^'KBi 11 )-^ 

The following result is the main theorem of 0: 

Theorem 2.6. ^, Theorem 1.1] Let m > 0. 

^ T/ie derivations ^[ , . . . , ^ /orm a basis /or D( m )(.4). In particular, 
D( m )(^4) js a Jree 5- module of rank £, 
(2) 



J Itt + m, (m = 2fc + l) 



for l<j<£. □ 
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Proof of Theorem [O. It is easy to see that each ^ 2fc+1 ) ij es j n Der# by Definition 



2.4 and Proposition 2.5. We have 

(V^« ...,V^«) 

= V D {{d/dPx, . . . , d/dPe) J(P) T A/(P)) = V D {{d/dPi, d/dPe) G) 
= (Vd (d/dPx) , . . . , V D (d/dPe)) G + (d/dP 1 , 8/dPi) D[G] 
= (d/dPu d/dPe) TjG + (d/dPx, . . . , d/dPe) (T* e + (T* e f) 

= (d/dP,, . . . , d/dPe) (-(ri) T + r* + (f*) t ) 

= (d/dp x , . . . , o/dPt) n = (d/dp u . . . , d/dPi) 



by Lemma 2.2. This shows (2) for k = 1. 



Next we will show (1) by induction on k. By Propostion p.q and Lemma 2T 
one computes 

(V^ 2fe+1 \ . . . , V^ 2fe - -Vd ((^ 2k - 1 \- ■ ■4 2k ' 1) ) (B^G 
= -(v D g k - 1 \...,V D tf k -V)(BW)- 1 G 

-(^ 2fc ~ 1) ,...,^ 2fc ~ 1) )(B (fc) )- 1 i?[t?| 
= (Cf ^ 3) , ■ • ■ ,d 2fc_3) ) (B^Dj-^f^BW)-^ 

- (^ fc_1) , ■ • • ,d 2fc_1) ) (B^)"'^' 1 ' + (S (1) ) T ) 

= (ef . . . ,d 2 fc ~ 1} ) (-/< - (b*- 1 ))- 1 ^ + 4) 

Here, when k = 1, read = d/dPj (j = 1, . .. ,£) and = I t . Then this 

computation proves (1). The assertion (2) for k > 1 easily follows from (1) and 
(2) for k = 1. □ 

Lemma 2.7. Let T fc := 0^ =1 T^ 2fc_1) /or fc > 1. TTien, forp> 1, 
0T fe = ©i^f^ = D^(A) HDer*. 

k>p 3 '=1 

Proof. For the second equality, it is easy to see 



G 



by averaging over W. 

Next we will prove the first equality. Define a set S := {£,j 2k ^ | 1 < j < 
£,1 < k}. First we will show that S is linearly independent over T. Define 
matrices H k (k > 0) by 

H :=I e and H k := (-l) k (B^)~ 1 G(B^)~ 1 G . . . (B^)~ 1 G (k > 1). 



By applying Proposition 2.5 inductively, we have 

,A2k+l) A2k+l),_ ( Jl) t(l)\rr 

(fl )•••,?< ) — l?l > • • • ) Q J-"fc 

forfc > 0. Since D^W] = and Z) 2 [G] = L>[£W + (BW) T ] = by Lemmas [D] 
and 2.2, we obtain = for j > k. Suppose that S is linearly dependent 

over T. Then there exist vectors xq , xi , . . . , x m G satisfying 

m 

x m ^0 and ^(^ +1 \...,cf fe+1) )x fc =0. 

Thus we have 



^HfeXfe = 0. 



fe=0 



Apply D m to both sides, and we get D m [H m ]x m = 0. Note that det D[G] is a 
nonzero constant by K. Saito g 5.1]|, Corollary 4.1]. So 

£> m [# ro ] = {m^{B^)- l D[G}{B^)- x D[G] . . . (B^J-^IG] 

is invertiblc. Thus x m = 0, which is a contradiction. This shows that the set 
<S is linearly independent over T. Therefore the sum ^2 k>p 7k is a direct sum. 
For k > p, 



% C D^- 1 ^) n Der,R C D (2p - 1} (.4) n Der R = R$ 
Therefore we have 



(2p-l) 

i 



(2p-l) 



fe> P j=l 
Compare the Poincare series of both sides: 

Poin(0T fe ,t) = (n( 1 -* mi+1 )J J2(t (k ~ 1)h+mi + ---+t (k ~ 1)h+mt 

k>p \i=l / k>p 

-1 



_ f rl i+ 1 } J A(p-l)/l+wn _j |_ ^(p-l)/j+m f ^ 



Pom(0 i^f^,*). 
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This implies the first equality. □ 



Proof o f Th eorem It is eno ugh to show Qk — Tk for each k > 1 because of 

Lemma 2.7. Since Theorem l.f (2) asserts 



k f (2fe-l) yjk C (2fc-1) 

, ■ • ■ , V D !; e 



) = (-i) k -H— 
' 1 ' K dP 1 



_d_ 

dP ( 



one has 



V^d 2 ^ G Go (l<j<t,k>l) 



because D[B^] = 0. Therefore we have 



3 = 1 



for each k > 1. In g 6.3] f§ 5.7], K. Saito showed 

® & = D R (A 2 ) := {0 e Der fl , | 0(A 2 ) € A 2 i?}. 



fc>i 



On the other hand, it is known [|[ Theorem 6.60] that 

D R (A 2 ) = DW(^)nDer fl . 



Therefore, by Lemma 2.7, we obtain 



A>1 



fc>l 



and thus = ^1- for each k > 1. □ 



References 

[1] Bourbaki, N.: Groupes et Algebres de Lie. Chapitres 4,5 et 6, Hermann, 
Paris 1968 

[2] Dubrovin, B.: Geometry of 2D topological field theories. In: "Integrable 
systems and quantum groups" (ed. Francaviglia, M., Greco, S.), Lectures 
at C.I.M.E., 1993, LNM 1620, Springer, Berlin-Heidelberg-New York, 
1996, pp. 120-348 

[3] Orlik, P., Terao, H.: Arrangements of Hyperplanes. Grundlehren der 
Math. Wiss. 300, Springer Verlag, 1992 

[4] Saito, K.: On a linear structure of a quotient variety by a finite reflexion 
group. RIMS Kyoto preprint 288, 1979 = Publ. Res. Inst. Math. Sci. 29 
(1993) 535-579 



8 



[5] Saito, K.: Finite reflection groups and related geometry (A motivation to 
the period mapping for primitive forms), preprint, 2000 

[6] Solomon, L., Tcrao, H.: The double Coxeter arrangement. Comment. 
Math. Hclv. 73 (1998) 237-258 

[7] Terao, H.: Multiderivations of Coxeter arrangements, preprint 2000, In- 
ventiones math., 148 (2002) 659-674 

[8] Ziegler, G. M.: Multiarrangements of hyperplanes and their freeness. In: 
Singularities. Contemporary Math. 90, Amcr. Math. Soc, 1989, pp. 345- 
359 



9 



